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ABSTRACT

In this paper we investigate several properties of statistical distributions using Saieo’s
modified fractional integral operator. We here define a new family of distribution involving
product combinations of elementary functions and hypergeometric functions, then apply it o
certain generalized forms of univariate as well as multivariate statistical distributions. Further
results giving the expectations, characteristic function, moment generating function,
cummulative function of such special function distributions are also obtained.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Definition (L.1) In the theory of fractional calculus operators the modified Saigo
Operator of fractional calculus [1] is dafined by

BT e B ETEIE o b mn
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Definition (1.2) A frn.crinnal integral operator is defined by

mic + 3) Fir
a2.1) 1% re) = | "—f{x M™% (). F (@ + f=n,a;1-=)d (™)

0, xm | T{e) . Py
Where «,f,7eC withRe(a)=>0and me N
f(x) is any real continuous function defined on (0, %0 ) with the order
(1.2.2) fix)= {](lx‘n , x=0 for &>max{0,m(f-n)}—m
And the multiplicity of (x™ ") is removed by requiring that log(x"™ —™) be
real forx>1¢.
The kernel funclion F=_F in (12.1) is well known gauss hypergeometric

function [2].
Here we define a class A(5,n) which satisfies the inequality for any &

(1.2.3) &> max{0,m(f-n)-m

Definition (1.3) The Gauss’s hypergeometric function F(a,b;c;x) in (1.2.1) is a special
case of the generalized hypergeometric function defined by [2].

3 ﬂ!l:,...,ﬂlu: j 5 e = (al}n"'(ﬂp}u X
(1.3.1) PF‘”|:b_ ; _x}— Pf;(tr.l,,..,ap,bl,...,hq,xj_Em?!

Definition (1.4) In our sequel, we shall use the generalized kampe de feriet function
19, p. 38] defined by

(a,): (B, )ii(B) )
(e,) By (Bl : Rirtarmess
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H(G‘ dpb iy IJI {b] -‘l 1—[ {b:)J"
(1.4.2) PSenn5,) === 5

[T@)...T18), - T18,

get =l f=

Definition (1.5) Expeclation of Function

For any function g (x ), the expectation of g(x) wr.l the pd.ll f(x)is
delined by

(15.1) E(z()} = | F(x)g(x)ds
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Definition (1.6) Characteristic Function

The characteristic function of a random wvariable x for the continuous
probability diswibution with density function £ (x) is defined as

(1.6.1) d (1) = E(&™) = fe*”'f(x}dx-,f~J~_1 and
! is a real parameter. ¢ () or @(¢) has the following properties

a) #(f) is continuous in ¢

b) @(t) is defined in every finite ¢ interval

c)  #(0)=l

d) @{f) and g¢{—r) are conjugate quantities

6] < [ |e"| £ (ot = [ Fodx=1

s
—

e

e

since |¢(r)] <1, characteristic function $(r) always exists.

Definition (1.7) Moment Generating Fimction

The moment generating function of a conlinuous random variahle x
about origin, having the probability function f (x) is given by

(1.7.1) M(1) = E(e") =je'*'f(x}dx

where 7 is the real parameter.
The m.g.f. about a point u is given by

(1.7.2) M) =El&* =3¢ p =_[e"‘*'“'{f{x w)dx
Definition (1.8) Cummulative Function

The cummulative probability function for the distribution function #711) is
delined by

i
(18.1) FiH= [ f(x)dx
Definition (1.9) Multivariale Distribution

Thus 1s an extended form of the Dirichlet distribution |3, p.22]. The
liouville’s extension of the Dirichlet's result for any integrable function

g(x") is
o
(10.0) [ JEP o P 4 4 XNACT). )= BB ) [ (O oYl (67
¥ s
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Where the integraled region 2 15

(1.9.2) Q:um x4+ +x 2 p T 20iedl,... a0y < p”
and mc M, B means the generalized beta function

Iip).. . I(p)
1.93 Bipoiip) mantidis e
(1.9.3) (Praeees Po) TEEMETE

[Re(p)>0.i€dl...n

2. Results Required

In order to establish our main results, we require the following results:

Lemma 1:If A—-lc A(B.n)p sqand(p =g +l,max|¢;x"’| <1),%¥ie{l,..,n} and

m e then,

{ [ < = {al ]’ it i) my A==
(2.1) I:T}f:{(x 2 ]n‘[:{-ﬁﬂr-{(;}_ bt “] = T e ()
] I._ g
Ad=f+n e noold )
PR AP T} (@, A b
el | QU@ A EER (b }‘,...;(ﬁ:_};

Proof: From [6] we have the result if
A=l A(B.m), p <gand(p =g, +1 max|r.x’"] <1),Viefl . n}, then

%
C l: ﬂ,e‘t-ﬁ"’?? :{"qp.-}. {a ) J
F;'ﬂy .:P" u 1 7 x_\....__?""x
V| A=BAva+n (B (B

Taking m=1 in(2.1) the L.H.S. of (2.1) is same as L.H.5. of (2.2).
Expanding each hyperpeometric function in L.H.S. of (2.2) using (1.3.1} and then
applying the [ormula [rom [7, p. 16]

(2.2) “”” f ) ‘H{ o “[w :H AR
=

S, k 1{10d Lk =iy k-
(2.3) L[ ] = rrtss (x)'

And interprating the n-series by means of the definition (1.4.1), we arrive at the
desired result (2.1) for m=
Now taking m=2in LH.S. of (2.1) we use

DigreesBp o (2,),--{a,), ()"
24 F
£ : {q, b x] g{bj)"...{h#}" pT

q!

2 Global Publishing Company 281



MATH. SCI RES. J. 12(11) 2008 258-268 FRACTIONAL CALCULUS OPERATORS IN STATISTICAL DISTRIBUTIONS

And then we apply .
(2.5) o [{xz}kJ /oy 8

Similarly for m we have

55 I.F_.‘r[a“".,ay:xm}“i{a]}”m{a?]ﬂ (™) i

bty | BB,
{"? ?-:} I:g Aa {(xnr} :| 1'|'I+k}!'l2|+.i‘—£-r.-:_l (xnr}.'.' A
et O,c;m Pl STk +ha+q)

Again expanding each hypergeometric function in L.H.S. of (2.2) using (1.3.1)
and then applying (2.7) and (1.4.1) with power of x asm, we gel the desired
result Lemma 1.

Similarly we can establish the following results:

Lemma 2: 11 A-lec A(G.n).p, <qand(p, =g, +Lmax|f;.x’”‘ <) Vie{l,.. nt, hopuch,
and me N then

(2.8) f::‘;[(x"';* ‘u"+h"':r"’1'[{ﬁ [{{:") r” =t ey (XY

N FET TR E T o
il

LA-f+n otk e -
e IR (HT} il el d ~
A=-BA+raty {!:- ,,,,, 2170 #

Remark: In (2.8) taking 2=1 and =0, we get (2.1). Hence in this way Lemmal can
be obtained from Lemma2.

Lemma 3:1f A-le A(8,n),p, <gand(p =g + Lmux|qx”| <1),¥iefl,. ,n} ,meNand

MeR | then
Z 1
i myi [ o { (”;".'}'; m LA f+a) .-ﬂ—J
(2.9 sl o HJ[FF;_ {b’ _rx J—m{x )
i=]
-3 ; : Y,
B L A; ,aﬁ ! {a’?}’ ¢ 7 R "
-B.A+a+n :{."Jm};.,,;{bh};

Lemma 4: IfA-1e A(f8,n), p, £ g4, < Band
(pl =q,+L4 =8, -}-l,maxl:}x"’i < l,max|ij'”l < l),‘v’f efl,..n}jefl...ntmel
then

o A= j}. m ] ! . (cj.f: i l ELAMN{d- R
(2.10) L G7) ’ﬂ{p, { :[ﬂ {f’:ﬁ% |i(au' e T = TG G
& i

{ﬁ ) J=t
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5 | Ad=f+n ‘_{a‘} (r}}r}{L‘a‘j,...;{C‘I{_);
3_.11 A, .E- H |

| A=BAva+n (@B Y.aBLdy ) (d;]l

Remark: This Lemma 4 can be manipulated to yield the Lemma’s 1, 2 and 3.

Remark: Before invesligating our main results we specify here that the use of Gaussian
hypergeometric function, #, and the generalized hypergeometric function ,f', in

statistical distributions were earlier studied by A .M. Mathai, R.K.Saxena and
P.L Sethi. ([4], [5] and [8])

3. A Genceralized finite distribution

To investigale our main resulls we define a family of distributions having pd.f. of

the form
g ] my el rn_ m ul knl_z
(3.1) )= 5"k [ +Bme -;:"']'
@) r(zt=h")|F for A" <27 < k7 [ h=0
Py ‘]'r {‘b? ).

=}, atherwise

Provided that Re (& )=0, A.ne U, p-lc A(f,7),p, =g, and
(p?_ =g+ ]_,mnx|.v;|[z’" ---P:”“}l < 1) vic{l,..,n},mel and & # & where

1Z250

(3.2) S = ey (g pmyer !
; p=F+n @)@l
zﬁéf'.l..-.;f'u|r e "ﬂ 7 ( A Fa rl{km _hm-) TTTTT - {kn h‘m

p-ppratn (B N0
Theorem 1: If f(z)defined by (3.1) represents a p.d.f. then

[ f2Mz") =1
Proof; f

o &
(3.3) [ f@dE") = [ 2"
-ra I

En km_zm
=.-v'! M_hﬂ.l p-l km_ m -] F — ey ]
3 J;[{J: YR =27} [H'l'ﬁ, ma’k"‘-h”]
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ﬁ[ K [‘:“: (" )1} d(z")

il J
Where 3 is defined by (3.2).
A simple change of variables puts (3.3) in the form of

(3.4) I.f{z}d(z”') = 37 (@)xmer! f:;‘j,:’[( ") '1‘[{ { i{;; ' IJH

Jas|

Where &™ —h™ =x" (k##)
Applying Lemmal and (3.2) we arrive at lhe value unily on the right hand side
showing that (3.1)isapd.f

Theorem 2: If f(z) is a p.d.f. of the form (3.1) then for any function 2(z), the expectation
of g(z) wrl the p.df f(z) is given by

(3.5) E{g()) =RF et
; pp-fHin :(a;};...‘{a Yle, %o ey ) ]
; :]{k'"—!r”],.,.,r"(k"—J:'“j,s,{!r"'—Ia“),...,xn_{k”—h"'}
p-Aprarn (b Y. PR G

Provided(k + h),Re(a)=>0,0.7eT p-1e A(f n),p <q,+1
A.r = E_r FEWiedll, n}, je {lsn-,nl},m el
In case of equality max {’?(*’t’" o }} <1,

1Lign
max {5, (k" —h")} <1,(k # h)
(EFEL
Where
[ pp-Bin @)l
(P Bpratn (B @)
Proof; We consider a function g(z) in terms of products of » generalized
hypergeometric functions given by

. 7 }
g(z)= ]‘1{ L o -fz*"}”

With max|s K —fi")] <l

{3 6} M= Fz;pl.....p,,

3 TR

FE" = h™), . e (k™ =R™)

Letapdf f(z) be defined by (3.1), then
(3.7) E{g(2)} = | f(n)g(2)d(z")
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e -

- j- ) —hm}lh-!{.l'l\"ﬂ Ly 1F[a+ﬁ>“ﬂ:{z:i’m _;m
" £ /

e o B : o e
ﬂ[ F !{{:“; r(z" h"’}J} ]‘[{5 By, {E;:;cj(z h‘”}j” d(z")
it B

On a simple change of variables and then using (1.2,1),(3.7) is in the form

[ (a ’ (¢! ]
:; R I'L n-{ | _mian;?} I;I-r,,ﬁ,;; oy o=l ; rx A E “r Im
(38)E{a(2)} =5"T{e)x"“* 17, [(x} ﬂ{ '-*Ubf ;& ”H][ ol ), m

Where k™ - A" =x"
An application of Lemma 4 yields (3.5) where ¥ is given by (3.6).

Theorem 3: If f(z)defined by (3.1) represents a p.d.f. then its characteristic [unclion $(¢)1s
given by \

T p.p=p+n iy () . i

(3.9) gy =wle""Ern ROE™ =B, 1y (K" = B, (K"~ H™) |
'?(:] "? e’ p— p—ﬁ‘p—ﬂ'+q {h1 [h" < ': :} r( :"E{ }I

Provided(k =4),Re(a)=>0,0.ncC.p-led(Bn).p sq 11
(P. ‘L‘*imﬁx{ (KT =BT kT - hm}l}':!]‘“'fe{l, Satome Mand®is

l&ism

defined by (3.6).

Proof: For the p.d.f. f(z) defined by (3.1} we have

§() - | & 20z

- IF =™y m myp-l m moy-l e .{'m—z'"
=3 _fe (e A" YT =g VO F a+ B a—— |.
el k" —h

l'l[f*ﬁ:;r(z }}d(f")

=S T e 5L {W ‘ *“‘H{ﬁa [{@ . ﬂ

i=l

Where k™" =h" =x" (k+#h)
Now applying Lemma 3, we get the desired characleristic function as (3.9).

Remark:  One of the necessary condition for ¢(r) to be a c.f. is #(0}=1 which is satisfied
by (3.9) and rest all the conditions are also satisfied by (3.9) which confirms
that ¢{f} given by (3.9)is c.f. of p.d.L given by (3.1).
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Theorem 4: If f(z)defined by (3.1) represents a p.d.f. then the m g f. about origin is given
by
AA-—f+ o R
(3.10) M(f} NSy ﬁ’; r A g+ '[f-ip,} {a, ) .'[ B =R o O — A0 — B
| A=A A+a+n (b )0 ']
Under the same condilions as in (3.9) and 12 is given by (3.6).

Proof; Forthe p.d.f. f(z) defined by (3.1), the m.g.f. about origin is

M(1)=le” f(2)d(z")

=5 [ o " - BT - 2y [mﬂ s J

i

For h" <z < k™ h=0

. i m i L | {al }:
=gt f;.’f:[w' et H{ p, 1’2.[(;}- ra”

7

Where F" =" =x" (k= h)
Applying Lemma 3 we pet the desired m.g.f, as (3.10).

=1

Theorem 5:  If f(z)defined by (3.1) represenis a p.d.f and A" <" <k™_# >0 (hen the
cummulative function #(z)is given by

(3.11) Fy = L2 =BG = A)T(p +a +1) [:"'._}g”’ ]F
F(F“}”P'?r--ﬂ}l'{am}r(-ﬁ} ror

: o il O - o +L: .

E'];’HM:’H ) (ﬂ{ﬁ} . Rl j(r'"—h Jree By (" =) ﬁj

e Lp | Z{l'r?l;l};___:l,’_f:r;u}; ﬁ_??_!_ . —_h J

it TN (B-m(p+a+n) ['r”‘ N e
CipW(p +y=fF+D0 e+ A mUET -k
F-l;lpu__....,‘-.-ﬂ;jlr p_-lﬁ-l_'l? ‘{a: :l- -{a” ]I _pﬁ_ﬂ i i,?}' - l; " P L ]

_ R =Bt (0" — ),
| g Bl By p-pel e

Provided Re (&) > 0, f.neC, p-le d(f,n), p, <g, and for

R G :
(pj. = ql.,rla;z:f{q(r —Hh }’k“ e } < IJ Vieil,...nl.mel

and ¥is given by (3.6).
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Proofl: For the p.d.f. f(z) defined by (3.1) the cummulative probability function for
the distribution function F(7)is

F(0)= [ fl2)d(z")

=3 j (2" =h" )y " =2y f",(ﬂ’+ﬁ1—??:¢f:£—zw
. \

: Ll
ﬁ(p A ﬁb e J”'J(z""}

M-u"

3.12) F=a" j 6 L (o T P[cx+ﬁ-—qa

e .
11{,, ol iy Ham

L
Where k™ = 4" =" and z" - A" =u"
Making use of the contiguous function relation of the Gauss function [2]

o

)

P

(el (e—a—b)

'{e—a)l{c—5)

& Fiea+b-¢)
C{a)(b)

Flab.c;z)= Flaba+b—c+1;1-2)

(1-2) " Fle-a,c—be-a-b+11-7), (Jarg(1-2)] < 7)

And the Eulerian ransformation

Flabez)=(1-2)"""Flc-ac-hez), (|arg(1—-z)l »:';-r)
In the resulting RH.S. of (3.12), expanding the Gauss function and then
integrating term by term we get the desired cummulative function as

(3.11).

4, Multivariate distribution

We consider the multivariate densily function

(4.1) s o B0 o G i) S R S T Y
r:r
Fla+p-n. p Lz e i
[&' '3 etk |1_J[f.k‘| Ii{br } .2" H }}

For u” < E::r < p”
={), otherwise
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Where Re (p,) > 0,¥iell, . n},me N, Re( p) =0,
fI,ﬁ??IElt‘-,p_lEA{ﬁ,f?} a'“d

=] r{a}r{p}r{p—ﬁ+ﬂj m =14 moy -
4.2 = B(pyn ) g =
(4.2) @ PPN T(p— M prasn) v (™)

pp-fon g s@1-Zps e

Y —

taay Iy

vl
p-B.pra+y ; (-1 RIL £, K
Where p" — " =" :

FE H =" B
Bl N

Theorem 6: If(4.1)is ap.d.f then

[ £z, d (27) =1

3]

Proof: [ fEr (2 () = ol S R W
1

B Lo -~ L) [ {a" )‘ -|
e T L - o i ¥ ol Y N il L = Al Tt
(- (o =L 27) [w.—w Pm_ﬂm}m,{. q.Lg,;r}; |

d(z'),....d(z")

—~

=;::.:—E{p,‘...,pﬂjj' ) p”}*’"{p"’—z"’)“".ﬁfﬁz b B —ma % W
o

J{?m _#nl.}
i , {a;,__]l:’m_ I -
‘H{Fjﬁ'ﬁ[[b;);d # }}1{" }

T @y
=B(ps..p,) T(@y™MLe s [{vw"(v” + ") ’1‘[[ ﬂ-"*-ﬁ;) ” |
e | g, 2
Where p" — 4™ ="
Applying Lemma 2 we get

[ [ £ zm)d (2, . d(22) =1 which shows that (4.1 is a p.d.f.
o

© Glebal Publishing Company 260



MATH, SCIL RES, J, 12(11) 2005 255-289 I. B. BAPMA and MIDH] JAIN

REFERENCES

1. Banerji, P.K. . Debnath Lokenath, Shenan, G.M., Application Of Fractional
Derivative Operators To The Mapping Properties Of Analytic Functions, An
International Journal For Theory And Applications, Volume 5 MNumber 2 (20032},
169-180. :

2. Earl D. Rainville, Special Functions, Chelsea Publishing Company, Bronx, New York.

3. Exton, H., Multiple Hypergeometric Functions and Applications, Ellis Horwood
Lid Chichester, Halstad Press (John Wiley and Sons), New York-London-Sydney-
Toronta, 1976,

4, Mathai, AM And Saxena, R K., Generalized Hypergeomelric Functions With
Applications In Statistics And Physical Sciences, Springer-Verlag, Berlin, Heidelberg
And New York, 1973,

5. Mathai, AM. And Saxena, R K., On Generalizred Hypergeometric Distributions,
Metriku 11 (1966), 127-132.

6, Raina, R.K. And Bolia, M., Application of Certain Fractional Calculus Operators in
Statistical Distriburions, Tamkang J Math. 27 (1) (1996), 27-36.

7. Saigo, M. And Raina, R.K., Fractional Calculus Operators Associated with a general
class of polynomials, Fukuoka, Univ. Sci. Reports. 18 (1) 15-22 (1988).

& Saxena, RK. And Sethi, P.L., Certain Properties Of DBivariate Distributions
Associated With Generalized Hypergeometric Functions, Canad J.Srais 1 (1973),
171-180,

9. Sovastava, ILM. and Karlson, P.W., Multiple Gaussian Hypergeometric Series, Ellis

florwood Ltd., Chichester; Halsted Press (John Wiley and Sons), New York-
Chichester-Brishane-Taronto, 1985,

Received: October 11, 2008
Accepted. November 2008

& Global Publishing Company 269



Mathematical Sciences R_esearch
Journal

CONTENTS

Application of Modified Fractional Calculus Operators in
Statistical Distributions
# I. B. BAPNA and NIDHI JAIN 258

Global Exponential Stability and Periodicity of Generalized
Recurrent Neural Networks with Discrete and Distributed
Delays

% XINSONG YANG and YAO LONG ' 270

ISSN 1537-5978




Int. Journal of Math. Analysis, Vol. 4, 2010, no. 39, 1913 - 1921

Parabolic Starlike and Uniformly
Convex Functions
I. B. Bapna

Dept. of Mathematics
M.L.V. Govt. P. G. College, Bhilwara
Rajasthan, India
bapnain@yahoo.com

Nidhi Jain

Tolani Institute for Excellence
Gandhidham, Gujarat, India
nidhijain2000@yahoo.com

Abstract

The main object of this paper is to derive the sufficient conditions for the function
z{ptq (2)} to be in the class of uniformly starlike and uniformly convex function
associated with the parabolic region Re {w} > |w — 1| . Further, the hadamard
product of the function which are analytic in the open unit disk with negative
coefficients are also investigated. Finally, similar results using an integral operator
are also obtained.
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1. Introduction
Let T denote the class of function f(z) of the form

o0

(11) f(Z) =z- Za’nz” y  Qn 2 0

n=2
that are analytic in the open unit disk U = {z : |z| < 1}

A function f € T is said to be starlie of order «,0 < e < 1, if and only if Re (zﬁg)) >

and convex if and only if Re (1 + ZJ;:TIS)) >a,withzeU
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Definition: 1.1 A function f(z) is uniformly convex (uniformly starlike) in U if f(z)
is convex (starlike) and has the property that for every circular arc £ contained in U,
with center £ also in U ,the arc f(£)is convex (starlike) with respect to f(£).The class of
uniformly convex functions is denoted by UC, and the class of uniformly starlike functions
by US, [5] (also refer [7],[10]).

These subclasses were introduced and defined by Goodman [2] and [3]. The class UC,
describes geometrically the domain of values of the expression (1 + ZJ{:ES)) Z2€Uf(z) €
UC, as a parabolic region [8]

R={weC: (Imw)® < 2Rew — 1}
Definition: 1.2 [12] f € UC,(\, p) if and only if

() |2 (2)
2 R‘"‘(” f’(z))2 72)

Definition: 1.3 Let f € T'0 < A <ocand 0 <y < 1, then f € UC,(\, p) if and only if
2f” (Z)) NE2EC),
f'(z) f(2)
The following sufficient condition on the coefficient of the class UC,(A, i) was obtained

in [9].
Definition: 1.4 [4] Let 0 < A < oc and 0 < p < 1, then f € US,(A, ) if and only if

()N - |2 )
(14 fte (f(Z) ) i

Definition: 1.5 For function f(z) of the form(1.1) and g (z) = 2+ > b,2" we define the

,zelU

(1.3) Re (1 + ‘ + i

—1‘—1—;;,

n=2
hadamard product (or convolution) of f and g by
(1.5) (f*9)(2) =2—) anbpz",z€U
n=2

Definition: 1.6 [6] The Fox-Wright function appearing in the present paper is defined
by

yzl

I'(a; +a;n)z"

a N 1 -
(16) plqu (Z) Plfbff [ ((b‘f ﬁ ) 1?’ ] Z
i Pil1g n=0 [] T (b; + Bjn)n!

':|c i :]

1

L
Il

where o; (j=1,...,p) and B;(j =1,... ,q) are real and positive and

q p
1+ Z ,ﬁ)j = Z Q
J=1 J=1
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Definition: 1.7 For ,¥, given by (1.6) we have

P

I'(a; +a;(n—1)) 2"

2pW(2) = Z q =
= I1E b+ 5 0= 1) (= )
_;, N ﬁ i(“-f Ffa;(n—1)) 2
_ ,;fjl . - .]fl=1
0F =01 [GFAm ) - 1!

J=1

q P
11 T, a JTh LT @etiain— L)
(17) Z'j:l pwq — Zpg!q =z Z p —
i ra, = 110, 00+ 5 (0 1) (0 - 1
Jj=1

where .
Ia

Definition: 1.8 Let G?:T' — T be a linear operator defined by
Gﬁf (2) = 2pQ * f (2)

HFb HF(n + o (n—1)) -

Jj=1
- e
n=2 H Fﬂ H r (b Iiij (n = ].))

Gof () =z— ) Bl(g;,n)an?"

(1.8) ;
where z % .
1:[1 I'b; 1:[1 I'(a; + o (n —1))
(1.9) B(aj,n) = 5=
I1T(b;+ B (n —1))

P
[]Ta
J=1 .
Definition: 1.9 For —1 < v < 1, we let SI(7) denote the subclass of starlike functions
corresponding to the family UC, for f(z) s.t.

2Ghf () | |2(Gf )
(1.10) RC{W_ i ik

Gaf (2)
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Lemma (1.1) A function f(z) of the form (1.1) is in US, (A, i) if and only if

(1.11) i [n (14 A) — (A +p)la, < (1 —p) M,

n=2

where M; > 0 is a suitable constant
Lemma (1.2) [1] A function f(z) of the form (1.1) is in f € UC,(\, p) if it satisfies the
condition

(1.12) Z nn@d+A)— A+ p)la, < (1 — p) M,
n=2
where M5 > 0is a suitable constant.

2. Main Results
Theorem?2.1 If Z by > Z a;+1,a; > 0and 1+ Z B; > Z a; then a sufficient condition
j=1 j=1 =1 =1
for the function z {,1, (2)} to be in the class US, (A, ) , 0 <A< oo and 0 <\ < o0 is

HFn

(1+/\) ; (ai—i_aiaﬂf)l ; (nh(}})l ; =1
(2.1) Y i e IS ST P’ < My +2
Q=P 05+ 8:8i)1 d (055 85)1 45 H Tb;
=1

Proof: Since
P

I (a; + a;n) 2"

o0

Pl" ff(z ==z Z - q
n=0 [] T (b; + Bn)n!

j=1
P P
[ITa; w 11T (a;+a;(n—1))2"

Fb} n=2 H F (b‘f -+ H‘,(ﬂ — 1)) (n — ].)T
1

J=1

fith

L

J=

So by the virtue of Lemma 1.1, we need only to show that

_ﬁ I'(a; + aj(n —1))

D@ +N -+ p)] [T < (1—p) My
n=2 [I1T(b;+ Bij(n—1)) (n—1)!
j=1
Now,
P
5 [1 T'(a; +a;(n - 1))

j=1

Sl +N - +p) |
n=2 1:[1 I'(b; + Bj(n—1)) (n —1)!
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T1T (a; +a;(n+ 1)

=Y [n+2) (1+X3) - A +p) | =
n=0 1:[1 L' (b; +B;(n+1)) (n+1)!
- 'fll I'(aj + aj(n +1)) - f[l I (a; +o;(n+1))
=Y (n+1)(1+N) |—= > (1 —p) |5
n=0 1:[l L+ Bj(n+1)(n+1)!| n= 1:[ ['(b; + Bi(n+1)) (n+1)!
f[l I'(a; + aj(n+1)) ~ 'ljl (a; + a;n) f[l Ta;
- Z (142 |+ +1-m DT ~ 3
n=0 '1:[1 I'(b; + Bj(n + 1)) n! n=0 1:[l (b; + Bjn) n! 1:[1 I'b;

P
[ T'a

j=1

H b,
41

u+Au%[%;j;§;t 1]+u—nmm[(;3ﬁj ] (- p) s

P
II Ta;

(L+) (a; +aj,a5), 5 (a5, 05) j=1
=(1—p){ —=,¢ ' NP 1|+ Taa® 1| ==
(L—pw)? L (b + 85 Bi) 1y PR (85:85) 1, f[ Ib,

j=1

This expression is bounded above by (1 — ) M, , if and only if

p

A+ [ (a; + aj, @)y ] [ (aj, )y 3 ] j=1
;l‘. P 1 + Jlr') _.p‘ 1 S :Lfl +
(]_ )JI "4 (b) + ﬁ]j :ﬁ) )1,q1 £ (b.jﬂ ﬁi)l,q’ IEI Fbj
j=1

Remark 2.1 In Theorem 2.1 A = 2 and p = 0 gives the sufficient condition for the
function z {,7, (2)} to be in the class US,(2,0),0 < XA < oo and 0 < p < 1 obtained in
[11].

We get this similar result for « = 0 in [11, Th 2.2] i.e.

P
II Ta;
| (e tag,04), (aj, 5), 5 j=1
=2 al - J2 3 1p af Lp < M, :
31*%[ b+ 0581 )T 058 —Ml+ﬁrb_
=

Theorem 2.2 Let f(z) be given by (1.1). if —1 <~ < 1 and

(2.2) Z (2n —1—17) B(aj,n) |a,| £1—7%

n=2



1918 I. B. Bapna and N. Jain

then f (z) € S? (y) where B (a;,n) is given by (1.9).
Proof: By Def (1.9) of the class SP (v) , it suffices to show that

(2.3) Re {M _ 7} >

Gaf (2) Gaf (2)

(G @) 1‘

|27 ()
Gaf (2)

2 {1 — > B(a;,n) annz”_l}
9 n? =] & 1=y
z— Y, B(aj,n)a,z"

n=2

1| <1—+

or

or QZB(n“n)(ﬂ—l)|an|< (1—~ {1—23 |”u|}

n=2

n=2

or Z(2n_1_hf)B(a,j1n)|an| Sl_ﬂf

n=2

Hence, the theorem is proved.

3. An Integral Operator
In this section we illustrate some results obtained by a particular integral operator defined
by

z

(n,f’(})l}' ] /
) "z | = | ¢, (2)dT
pPq (b;, 53;), s p¥q ()

0

Theorem 3.1 If Z b; > Z aj,a; >0 and 1+ Z B; > Z a; then a sufficient condition
ap==] 1 i=1 ji=1

for the function ,¢,(2) = fp'l/)q (z)dz to be in the class US, (A, p) 0 < A < oo and
0
0<pu<lis

‘ E+A) [ (@ a5),; (A +p) (aj — aj,05), 5
B ™| 6.8 1] -n ,u)f*"ff[ (b - 5 ﬁj)l,q; L
i I'la;, — a; La;
(/\—I—,u)l;l ("‘ J)<1‘Lfl+H
L=8) 111 @, - 8y) [T T,
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Proof: Since ,¢,(2) = Ofp-tj)q (z)dz
p p
H1 Fa; & H1 I'[(a; — o) + ajn] 2"
s j= j=
(3:2) ~ g ay Z q
[1T6;  n»=2 J[ T'[(b; — B)) + Bjn|n!
j=1 i=1
We see that 5
oo '1:[11—1[(”1_0'1)""0'”]
Z (14 A) — (A + p)] ";_
n=2 11T (% —8;) + Byl
j=
p
o T H ['[(a; — o) + a;n] o JIT [(a; — o) + a;n]
j= j=
=1+N> A+
n=2 [ T'[(b; — B;) + Bjn| n! n=2 [[ I'[(b; — ;) + Bjn] n!
=1 fole]
P o P P P
oo .]:Il Ifaj+a;n) .]:[1 Fa; o 11 I{aj—aj)+a;n] 1:[ I'aj—aj) _l:[l I'aj
=(1+2) | X% =iy i+ [ 27 i ~ 5
n=0 il;ll I(b;+3n)n! 1:[ I'b; n=0 il;ll L[(bj—3;)+3in]n! 11;[1 Y(bi—54) 3‘1;11 I'b;
(aj, a;), 5 ] (aj — aj,05), 3
= (14 ), [ Pl — (A p) 0, : SR A |
( )o¥s (05, Bi)1.45 At 1) o9, (0; = B4, Bj)1 45
P P
'1:[1 T (a; — ;) '1:[1 Ta;
+(A+p) 5 ~(1-p) 5
I1T(b;—5) [1 T
j=1 j=1
1+x [ (aj, ), 5 ] Atp) [ (aj — aj,05), 5 ]
=(1—pu ; P 1| - —= ! e I |
St R e =™ | b -8B
P
I'(a; i la;
pepll@-o I
1—p) 4 ) q
1= #) [T —5;) TITY
Jj=1 Jj=1
< (1 —p) My

where M, is a constant greater than the expression in (3.2) which in view of Lemma 1.1

gives the desired result (3.1).

Remark: For o = 2 and g = 0 theorem (3.1) reduce to the desired result obtained by

Chaurasia and Srivastava.
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q p q p
Theorem (3.2) If > b; > > aj,a; > 0and 1+ > 5; > > «; then a sufficient condition
J=1 J=1 J=1 J=1

for the function ,¢,(z) = fp-t,bq (z)dx to be in the class UC, (A, 1),0 £ A < oo and
0
0<pu<lis

P

[I Ta;
j=1

q

[1Tb;
j=1

o (1+2) (a; + aj, 05), 5 ] - [ (aj, ;) ;
3.3 LA | \ETU G g |y | V% | <o
8) T-w"" ] 0+ Bis Bj)1 43 PV (b5 Bi)1 40 ’

Proof: The proof of this theorem is a direct consequence of Th.3.1
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ABSTRACT: This paper envisages some coefficient properties of functions f(z) belong
to the class X,(») of meromorphic multivalent functions in the punctured diskD, .
Motivated by several earlier works, we consider two subclasses S () and C.(@)of

Y., (p) Further we discuss the starlikeness and the convexity of functions f(z) in X,(p)
.These results are of more importance as they generalize the results of Shigeyoshi Owa,

Nicole N. Pascu, M. Mogra, T.R Reddy and O.P.Juneja et al.
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1. Introduction

Let X.(p) denote the class of functions f(z) of the form:
1 = e
S =+ a2
n=0

which are analytic in the punctured disk D, ={ze C:0<|z|=r<1}



(1.2)

(1.3)

A function f(z)€ X.(p) is said to be starlike of order @ if it satisfies the

inequality:
Re EAC) >o (ze D,)
f(2)

for some@(0<a <1)  We say that f(2) is in the class S, (@) for such functions.

A function f(z)e X,(p) is said to be convex of order @ if it satisfies the

inequality:
Re{— 1.,.& }>0{ (ze D,)
/')

for some @(0<a<1). We say that f(z) is in the class C,.(@)if it is convex of
order @ inD, .
We note that f(z) € C,(@) if and only if—zf'(z) € S, ().

Ozaki [5] has shown that the necessary and sufficient condition that f(z)
e Y with g >0 (n=1,2,3,...)is meromorphic and univalent in D is that there

should exist the relation:
Z‘nanr’”1 <1
n=l
between its coefficients.
Owa and Pascu [4] gave an improved and extended result for the above
theorem by Ozaki.
Now in the present paper we give some results on multivalent functions.

2. Coefficients Inequalities for functions

Theorem 2.1. If f(z)€ X,(p) satisfies

2.1)

oo

Z{n—l+p(l+0{)}

n=0

@y, < p-a)

forsome 06(0306<1) and k(O(<kSl)thenf(Z)E S;(O()

Proof: For f(z)€ X.(p) we know that

|2/ '(2) + kpf (2)| |2/ '(2) + Qo= k) pf (2)|



:‘(k—l)p

ZP

+ Z a,,, [n+p(k+1)—1]z"""
n=0

Qo —k—-1)p
R

+ Zan+p_1[n +p-1+Qa-k)plz"""
n=0

n+p—1
7 p

an+ p-1

<|(k=1|pr7+ Y [+ pk+1)-1]

+i[n+p—l+(20{—k)p] r" =k +1-2a|pr”
n=0

an+ p-1

=[1-k—(k+1-20)] pr" +Y [n+ p(k+1)=1+n+ p—1+2a—k)p] el

n=0
’/1+ 2p—1 :|

an+ p-1

:r_”[2(a—k)p+22{n—l+p(l+a)}

an+ p-1

<0

which shows that

oo

Z{n—l+p(l+0{)}

n=0

< pk-a) < p(1-a)

an+ p—-1

It follows
|2/ '(2) +kpf (2)| = |2f (2) + Q= k)pf (2)] <0

So that

Re _7@ >ap= f(z)e S (ap)
f(2)

Here we define a new subclass S, (ap) for which S (ap)c S, (@)

Therefore if  f(2)e S.(ap)

Then f(2)e S (@) (ze D))



Theorem 2.2 If f(2)€ X, (p) then f(z)€ S.(ap) ifand only if (2.1) is satisfied.

Proof: In view of Theorem (2.1) it is sufficient to show the “only if” part.

1 ¢ i -
Let f(Z):Z_p+Zan+p—lznp 1 >an+p—120 18 lnSr(ap)~
n=0
Then
ZAC Iy ‘ (k-Dp+Y a,, [n+ plh+1)-1]z">"
f(2) _ = <1
zf'(2)

f(Z) +(20{—k)p| (20[—k—l)p+ganw_l[n-i-p—]+(2a_k)p]zn+2p—1

forall(ze D.).

Taking real values and putting |Z | =7 we obtain

(1=k)p+ Y [n+ pll+1)—1]

or

’/1+2 p-1

rr < (k+1=-20)p =Y [n+ p—1+Q2a—k)p]
n=0

an+ p-1 an+ p-1

oo

Z{n—l+p(l+0{)}

n=0
and hence the result follows.

< pk—a) < p(1-a)

an+ p-1

Theorem 2.3. If f(2)€ L.(p) satisfies

22) Y -1+ p(1+ )}

n=0

rn+2p—1 Sp(l—O{)

an+p—1

for some a(0<a<l1) then f(z)e C.(x).

Proof: Noting that f(z) € C,.(@)if and only if —zf'(z)€ S, (&) and that

—of '(z)=Z%—Z(n+p—1>an+,,_lz"“’“
n=0

We complete the proof of the theorem with the aid of Theorem (2.1).



Theorem 2.4. A function f(z)€ ¥.(p) belongs to S.(&) for 0Sr <r,where T, is the
smallest positive root of the equation

(2.3)

[p( l+a) —l]|ap_1|r2”“ —[51 /{rz(l—p)+p} 7 +r2p(l—a)}—[p(l+a) —l]|ap_1 |rl”_1 +p(l-a)=0

and

(2.4) o= \/i(n+p—l) an+p_1|2 +pa\/i; a,,, |2

n=l n=1 (n + p - l)

Proof: Using Cauchy Inequality, we see that

oo

Y {(n-D+p(1+a))

n=0

n+2 p-1
7 p

an+ p-1

n+2 p—-1

an+p—1 r

= (14 p(+a)]|a, [ +Y {(1=D)+ p(1+a)}

<[ p+a)-1] ’ap_1’r2p—l+\/i(n+p_l) an+p—1‘2 \/i(n+p—l)”2n+4p_2
n=1 =l

+pa\/i; an+p_1‘2 \/il(n+p_l)r2n+4p_2

= (n+p-1)

2p—1+r2p\]p+rz(l_p) S

(1-r?)

=[pA+a)-1] |ap_l|r
<pl-o)

where J is given by (2.4). Therefore an application of Theorem (2.1) gives us
that f(z)e S (a) for0O<r<r, .



Example 1: If we consider the function f(z) given by

1 - 1 i, +p—1
Z)=—+ g gt 0. i 1
f(2) 7 ;’(n+p—l)\/(n+p—l) (0,.p is real),

then f(z)e S (a)for 0<r <7, with

~(n+p-— l) A Z“n+p

Now, for p=1

5= (L +a Tt

=JCQ) +aJC(4)
J6 310

Further, letting o =0 , we have that

2
=, f% =+/1.644934 =1.282554

and

NG

= =~0.6618212

7. =
" \Nz+e

Now, for =2 anda =0, we have

’i ! =+4/0.644934 = 0.8030778
1 +

= 0. 7447 196

Similarly, for p =3 anda =0, we have



f ( =+/0.394934 = 0.6284377
n=l1 n+

and 7, =0. 7836361

and so on.
So, we arrive at a result that as 2 increases 7, also increases but o
decreases.

Theorem 2.5. 4 function f(z)€ X.,(p) belongs to the class C.(&) for0<r <1, where

B
E+l-a

s=\/i<n+p Yl +pa\/i<n+p Do

n=l =]

Example 2: Let us consider the function f(z) given by

5 10 p1 _ntp-1 .
z)=— g 7]
f(2)= Z nt p—T) \/ ntp-]) (0, p1s real),

then f(z)e C,(@)for 0<r <r, with

c=m (\/_ 3\/_] for £ =1

Taking o =0 we obtain

£= =1.282554

el

and

EY

n= = 0.6618212

" \z+e




Remarks

1. From Examples 1 and 2 we find that the radius problems for starlikeness and convexity
of functions f(z)€ X,(p) gives us the result that 7, =1, .

2. Taking 4,,,,20, a,=0 andr =1in (2.1), Theorem (2.1) leads to the corresponding
result obtained by M.L. Mogra in Corollary 2 [2].

3. The results of Theorem (2.1) and (2.2) reduce to the corresponding results obtained in
[3] by takingp=1,a,=0 andr =1.

4. There are thirty-nine articles discussing various properties of classes consisting of
univalent, starlike, convex, multivalent, and meromorphic functions in the book by
Srivastava and Owa [1].
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