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Abstract

The main object of this paper is to derive the sufficient conditions for the function
z {pψq (z)} to be in the class of uniformly starlike and uniformly convex function
associated with the parabolic region Re {ω} > |ω − 1| . Further, the hadamard
product of the function which are analytic in the open unit disk with negative
coefficients are also investigated. Finally, similar results using an integral operator
are also obtained.
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1. Introduction
Let T denote the class of function f(z) of the form

(1.1) f(z) = z −
∞∑

n=2

anz
n , an ≥ 0

that are analytic in the open unit disk U = {z : |z| < 1}
A function f ∈ T is said to be starlie of order α, 0 ≤ α < 1, if and only if Re

(
zf ′(z)
f(z)

)
> α

and convex if and only if Re
(
1 + zf ′′(z)

f ′(z)

)
> α , with z ∈ U
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Definition: 1.1 A function f(z) is uniformly convex (uniformly starlike) in U if f(z)
is convex (starlike) and has the property that for every circular arc ξ contained in U ,
with center ξ also in U ,the arc f(ξ)is convex (starlike) with respect to f(ξ).The class of
uniformly convex functions is denoted by UCp and the class of uniformly starlike functions
by USp [5] (also refer [7],[10]).
These subclasses were introduced and defined by Goodman [2] and [3]. The class UCp

describes geometrically the domain of values of the expression
(
1 + zf ′′(z)

f ′(z)

)
,z ∈ Uf(z) ∈

UCp as a parabolic region [8]

� =
{
ω ∈ C : (Imω)2 < 2Reω − 1

}
Definition: 1.2 [12] f ∈ UCp(λ, μ) if and only if

(1.2) Re

(
1 +

zf ′′ (z)
f ′ (z)

)
≥
∣∣∣∣zf ′′ (z)
f ′ (z)

∣∣∣∣ , z ∈ U

Definition: 1.3 Let f ∈ T, 0 ≤ λ <∞ and 0 ≤ μ < 1, then f ∈ UCp(λ, μ) if and only if

(1.3) Re

(
1 +

zf ′′ (z)
f ′ (z)

)
≥ λ

∣∣∣∣zf ′′ (z)
f ′ (z)

∣∣∣∣ + μ

The following sufficient condition on the coefficient of the class UCp(λ, μ) was obtained
in [9].
Definition: 1.4 [4] Let 0 ≤ λ <∞ and 0 ≤ μ < 1, then f ∈ USp(λ, μ) if and only if

(1.4) Re

(
zf ′ (z)
f (z)

)
≥ λ

∣∣∣∣zf ′ (z)
f (z)

− 1

∣∣∣∣+ μ

Definition: 1.5 For function f(z) of the form(1.1) and g (z) = z+
∞∑

n=2

bnz
n we define the

hadamard product (or convolution) of f and g by

(1.5) (f ∗ g) (z) = z −
∞∑

n=2

anbnz
n, z ∈ U

Definition: 1.6 [6] The Fox-Wright function appearing in the present paper is defined
by

(1.6) pψq (z) = pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
z

]
=

∞∑
n=0

p∏
j=1

Γ (aj + αjn) zn

q∏
j=1

Γ (bj + βjn)n!

where αj (j = 1, . . . , p) and βj (j = 1, . . . , q) are real and positive and

1 +

q∑
j=1

βj >

p∑
j=1

αj
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Definition: 1.7 For pΨq given by (1.6) we have

zpψq(z) =

∞∑
n=1

p∏
j=1

Γ (aj + αj (n− 1)) zn

q∏
j=1

Γ (bj + βj (n− 1)) (n− 1)!

=

p∏
j=1

|aj

q∏
j=1

∣∣bj z +
∞∑

n=2

p∏
j=1

∣∣∣(aj + aj(n− 1)) zn

q∏
j=1

∣∣∣(bj + βj(n− 1)) (n− 1)!

(1.7) z

q∏
j=1

Γbj

p∏
j=1

Γaj

pψq = zpΩq = z +

∞∑
n=2

q∏
j=1

Γbj

p∏
j=1

Γaj

p∏
j=1

Γ (aj + αj (n− 1)) zn

q∏
j=1

Γ (bj + βj (n− 1)) (n− 1)!

where pΩq =

q∏
j=1

Γbj

p∏
j=1

Γaj

pψq

Definition: 1.8 Let Gp
q : T → T be a linear operator defined by

Gp
qf (z) = zpΩq ∗ f (z)

= z −
∞∑

n=2

q∏
j=1

Γbj

p∏
j=1

Γaj

p∏
j=1

Γ (aj + αj (n− 1))

q∏
j=1

Γ (bj + βj (n− 1))

an
zn

(n− 1)!

(1.8) Gp
qf (z) = z −

∞∑
n=2

B (aj , n)anz
n

where

(1.9) B (aj, n) =

q∏
j=1

Γbj

p∏
j=1

Γaj

p∏
j=1

Γ (aj + αj (n− 1))

q∏
j=1

Γ (bj + βj (n− 1))

Definition: 1.9 For −1 ≤ γ < 1, we let Sp
q (γ) denote the subclass of starlike functions

corresponding to the family UCp for f(z) s.t.

(1.10) Re

{
z
(
Gp

qf (z)
)′

Gp
qf (z)

− γ

}
≥
∣∣∣∣∣z
(
Gp

qf (z)
)′

Gp
qf (z)

− 1

∣∣∣∣∣
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Lemma (1.1) A function f(z) of the form (1.1) is in USp(λ, μ) if and only if

(1.11)

∞∑
n=2

[n (1 + λ) − (λ+ μ)]an ≤ (1 − μ)M1

where M1 > 0 is a suitable constant
Lemma (1.2) [1] A function f(z) of the form (1.1) is in f ∈ UCp(λ, μ) if it satisfies the
condition

(1.12)
∞∑

n=2

n [n (1 + λ) − (λ+ μ)]an ≤ (1 − μ)M2

where M2 > 0is a suitable constant.

2. Main Results

Theorem2.1 If
q∑

j=1

bj >
p∑

j=1

aj+1, aj > 0 and 1+
q∑

j=1

βj >
p∑

j=1

αj then a sufficient condition

for the function z {pψq (z)} to be in the class USp (λ, μ) , 0 ≤ λ <∞ and 0 ≤ λ <∞ is

(2.1)
(1 + λ)

(1 − μ)
pψq

[
(aj + αj, αj)1,p;

(bj + βj, βj)1,q;
1

]
+ pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
≤M1 +

p∏
j=1

Γaj

q∏
j=1

Γbj

Proof: Since

zpψq(z) = z
∞∑

n=0

p∏
j=1

Γ (aj + αjn) zn

q∏
j=1

Γ (bj + βjn)n!

=

p∏
j=1

Γaj

q∏
j=1

Γbj

z +

∞∑
n=2

p∏
j=1

Γ (aj + αj(n− 1)) zn

q∏
j=1

Γ (bj + βj(n− 1)) (n− 1)!

So by the virtue of Lemma 1.1, we need only to show that

∞∑
n=2

[n (1 + λ) − (λ+ μ)]

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n− 1))

q∏
j=1

Γ (bj + βj(n− 1)) (n− 1)!

⎤
⎥⎥⎦ ≤ (1 − μ)M1

Now,

∞∑
n=2

[n (1 + λ) − (λ+ μ)]

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n− 1))

q∏
j=1

Γ (bj + βj(n− 1)) (n− 1)!

⎤
⎥⎥⎦
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=

∞∑
n=0

[(n+ 2) (1 + λ) − (λ+ μ)]

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n+ 1))

q∏
j=1

Γ (bj + βj(n+ 1)) (n + 1)!

⎤
⎥⎥⎦

=

∞∑
n=0

(n+ 1) (1 + λ)

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n + 1))

q∏
j=1

Γ (bj + βj(n+ 1)) (n + 1)!

⎤
⎥⎥⎦+

∞∑
n=0

(1 − μ)

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n + 1))

q∏
j=1

Γ (bj + βj(n+ 1)) (n + 1)!

⎤
⎥⎥⎦

=
∞∑

n=0

(1 + λ)

⎡
⎢⎢⎣

p∏
j=1

Γ (aj + αj(n + 1))

q∏
j=1

Γ (bj + βj(n+ 1))n!

⎤
⎥⎥⎦+ (1 − μ)

⎡
⎢⎢⎣

∞∑
n=0

p∏
j=1

Γ (aj + αjn)

q∏
j=1

Γ (bj + βjn)n!

−

p∏
j=1

Γaj

q∏
j=1

Γbj

⎤
⎥⎥⎦

(1 + λ) pψq

[
(aj + αj, αj)1,p;

(bj + βj, βj)1,q;
1

]
+ (1 − μ) pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
− (1 − μ)

p∏
j=1

Γaj

q∏
j=1

Γbj

= (1 − μ)

⎧⎪⎪⎨
⎪⎪⎩

(1 + λ)

(1 − μ)
pψq

[
(aj + αj, αj)1,p;

(bj + βj, βj)1,q;
1

]
+ pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
−

p∏
j=1

Γaj

q∏
j=1

Γbj

⎫⎪⎪⎬
⎪⎪⎭

This expression is bounded above by (1 − μ)M1 , if and only if

=
(1 + λ)

(1 − μ)
pψq

[
(aj + αj , αj)1,p;

(bj + βj , βj)1,q;
1

]
+ pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
≤M1 +

p∏
j=1

Γaj

q∏
j=1

Γbj

Remark 2.1 In Theorem 2.1 λ = 2 and μ = 0 gives the sufficient condition for the
function z {pψq (z)} to be in the class USp (2, 0) , 0 ≤ λ < ∞ and 0 ≤ μ < 1 obtained in
[11].
We get this similar result for α = 0 in [11, Th 2.2] i.e.

= 3pψq

[
(aj + αj , αj)1,p;

(bj + βj , βj)1,q;
1

]
+ pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
≤M1 +

p∏
j=1

Γaj

q∏
j=1

Γbj

Theorem 2.2 Let f(z) be given by (1.1). if −1 ≤ γ < 1 and

(2.2)

∞∑
n=2

(2n− 1 − γ)B (aj, n) |an| ≤ 1 − γ
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then f (z) ∈ Sp
q (γ) where B (aj , n) is given by (1.9).

Proof: By Def (1.9) of the class Sp
q (γ) , it suffices to show that

(2.3) Re

{
z
(
Gp

qf (z)
)′

Gp
qf (z)

− γ

}
≥
∣∣∣∣∣z
(
Gp

qf (z)
)′

Gp
qf (z)

− 1

∣∣∣∣∣
or 2

∣∣∣∣∣z
(
Gp

qf (z)
)′

Gp
qf (z)

− 1

∣∣∣∣∣ ≤ 1 − γ

or 2

∣∣∣∣∣∣∣∣
z

{
1 −

∞∑
n=2

B (aj , n) annz
n−1

}

z −
∞∑

n=2

B (aj, n) anzn

− 1

∣∣∣∣∣∣∣∣
≤ 1 − γ

or 2
∞∑

n=2

B (aj , n) (n− 1) |an| ≤ (1 − γ)

{
1 −

∞∑
n=2

B (aj , n) |an|
}

or
∞∑

n=2

(2n− 1 − γ)B (aj, n) |an| ≤ 1 − γ

Hence, the theorem is proved.

3. An Integral Operator
In this section we illustrate some results obtained by a particular integral operator defined
by

pφq

[
(aj , αj)1,p;

(bj , βj)1,q;
z

]
=

z∫
0

pψq (x)dx

Theorem 3.1 If
q∑

j=1

bj >
p∑

j=1

aj, aj > 0 and 1 +
q∑

j=1

βj >
p∑

j=1

αj then a sufficient condition

for the function pφq (z) =
z∫
0

pψq (x)dx to be in the class USp (λ, μ) 0 ≤ λ < ∞ and

0 ≤ μ < 1 is

(3.1)
(1 + λ)

(1 − μ)
pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
− (λ+ μ)

(1 − μ)
pψq

[
(aj − αj , αj)1,p;

(bj − βj , βj)1,q;
1

]

+
(λ+ μ)

(1 − μ)

p∏
j=1

Γ (aj − αj)

q∏
j=1

Γ (bj − βj)

≤ M1 +

p∏
j=1

Γaj

q∏
j=1

Γbj
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Proof: Since pφq (z) =
z∫
0

pψq (x)dx

(3.2) =

p∏
j=1

Γaj

q∏
j=1

Γbj

z +
∞∑

n=2

p∏
j=1

Γ [(aj − αj) + αjn] zn

q∏
j=1

Γ [(bj − βj) + βjn]n!

We see that

∞∑
n=2

[n (1 + λ) − (λ+ μ)]

p∏
j=1

Γ [(aj − αj) + αjn]

q∏
j=1

Γ [(bj − βj) + βjn]n!

= (1 + λ)

∞∑
n=2

n
p∏

j=1

Γ [(aj − αj) + αjn]

q∏
j=1

Γ [(bj − βj) + βjn]n!

− (λ+ μ)

∞∑
n=2

p∏
j=1

Γ [(aj − αj) + αjn]

q∏
j=1

Γ [(bj − βj) + βjn]n!

= (1 + λ)

⎡
⎣ ∞∑

n=0

p�

j=1
Γ(aj+αjn)

q�

j=1
Γ(bj+βjn)n!

−
p�

j=1
Γaj

q�

j=1
Γbj

⎤
⎦ (λ+ μ)

⎡
⎣ ∞∑

n=0

p�

j=1
Γ[(aj−αj)+αjn]

q�

j=1
Γ[(bj−βj)+βjn]n!

−
p�

j=1
Γ(aj−αj)

q�

j=1
Γ(bj−βj)

−
p�

j=1
Γaj

q�

j=1
Γbj

⎤
⎦

= (1 + λ) pψq

[
(aj, αj)1,p;

(bj , βj)1,q;
1

]
− (λ+ μ) pψq

[
(aj − αj , αj)1,p;

(bj − βj , βj)1,q;
1

]

+ (λ+ μ)

p∏
j=1

Γ (aj − αj)

q∏
j=1

Γ (bj − βj)

− (1 − μ)

p∏
j=1

Γaj

q∏
j=1

Γbj

= (1 − μ)

{
(1 + λ)

(1 − μ)
pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
− (λ+ μ)

(1 − μ)
pψq

[
(aj − αj, αj)1,p;

(bj − βj , βj)1,q;
1

]

+
(λ+ μ)

(1 − μ)

p∏
j=1

Γ (aj − αj)

q∏
j=1

Γ (bj − βj)

−

p∏
j=1

Γaj

q∏
j=1

Γbj

⎫⎪⎪⎬
⎪⎪⎭

≤ (1 − μ)M1

where M1 is a constant greater than the expression in (3.2) which in view of Lemma 1.1
gives the desired result (3.1).
Remark: For α = 2 and μ = 0 theorem (3.1) reduce to the desired result obtained by
Chaurasia and Srivastava.
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Theorem (3.2) If
q∑

j=1

bj >
p∑

j=1

aj , aj > 0 and 1+
q∑

j=1

βj >
p∑

j=1

αj then a sufficient condition

for the function pφq (z) =
z∫
0

pψq (x)dx to be in the class UCp (λ, μ) , 0 ≤ λ < ∞ and

0 ≤ μ < 1 is

(3.3)
(1 + λ)

(1 − μ)
pψq

[
(aj + αj , αj)1,p;

(bj + βj , βj)1,q;
1

]
+pψq

[
(aj , αj)1,p;

(bj , βj)1,q;
1

]
≤M2+

p∏
j=1

Γaj

q∏
j=1

Γbj

Proof: The proof of this theorem is a direct consequence of Th.3.1
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