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Abstract

The main object of this paper is to derive the sufficient conditions for the function
z2{ptq (2)} to be in the class of uniformly starlike and uniformly convex function
associated with the parabolic region Re{w} > |w —1| . Further, the hadamard
product of the function which are analytic in the open unit disk with negative
coefficients are also investigated. Finally, similar results using an integral operator
are also obtained.
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1. Introduction
Let T denote the class of function f(z) of the form

(1.1) f(2) :z—ianz” , ap, >0
n=2

that are analytic in the open unit disk U = {z : |z] < 1}

A function f € T is said to be starlie of order o, 0 < v < 1, if and only if Re <Z]’:(/S)) >«

and convex if and only if Re <1 = Z;,’{i’?) >q ,with z € U
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Definition: 1.1 A function f(z) is uniformly convex (uniformly starlike) in U if f(z)
is convex (starlike) and has the property that for every circular arc ¢ contained in U,
with center ¢ also in U ,the arc f(&)is convex (starlike) with respect to f(£).The class of
uniformly convex functions is denoted by UC), and the class of uniformly starlike functions
by US, [5] (also refer [7],[10]).

These subclasses were introduced and defined by Goodman [2] and [3]. The class UC,

describes geometrically the domain of values of the expression <1 + ZJ{,’ES)) z2eUf(z) €

UC, as a parabolic region [§]
R={weC: (Imw)’ < 2Rew — 1}

Definition: 1.2 [12] f € UC,(A, p) if and only if

2" (2)

Zf” (Z)
(12) Re(l—i-m)z W,ZGU
Definition: 1.3 Let f € 7,0 < A < oo and 0 < p < 1, then f € UC,(\, p) if and only if
Zf//(2>> Zf//(2>
. R A
- (14555 22 s

The following sufficient condition on the coefficient of the class UC, (A, 1) was obtained
in [9].
Definition: 1.4 [4] Let 0 < A < oo and 0 < p < 1, then f € US,(A, p) if and only if

Zf’(Z)) 2f' (2) '
1.4 Re > A -1 +p
Y () 27
Definition: 1.5 For function f(z) of the form(1.1) and g (z) = z+ > b,2" we define the
n=2

hadamard product (or convolution) of f and g by

(1.5) (f*xg)(2) :z—Zanbnz”,z eU

n=2

Definition: 1.6 [6] The Fox-Wright function appearing in the present paper is defined
by

- (a’j’&j)lp; _ = J=1
W) @)= | G ] =Y
where o; (j =1,...,p) and §;(j =1,... ,q) are real and positive and

q P
L+ B> a
j=1 j=1
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Definition: 1.7 For ,¥, given by (1.6) we have

I'(a; +a;(n—1))z"

Nk

w
S
=
[}

3

I

o
—l=

(2)

— E:]w

(bj +5; (n = 1)) (n = 1)!

<.
I
-

[ [+ as(n— 1) ="

o
5

|
[T
=
N
+
Rk

2 11 [+ Bi(n— D) (n = 1)

7j=1 7j=1
q q p
1:[ Fb 00 lebj le(aj+04j (n— 1)) 2"
(1.7) P w 2p$2 —z—i—sz qu

.:%
—
g@

n=2 [[ Ta; [T T (b + G; (n = 1)) (n — 1)!

Jj=1 Jj=

<
Il
—
,_\

q

[ T0
="ty
piéq — Tp p¥q

[] Ta;

7=1

Definition: 1.8 Let G} : T"— T' be a linear operator defined by

Gh f (2) = 2,2 * f (2)

where

q p

s 1110 HF(QJ+O‘J(”_1)) n
J=1 Jj=1 z
=z — > - n——— 0
"= 100, [IT0 4+ 8 —1) 7Y
j=1 j=1
(1.8) Ghf(z) =2~ E B (a;,n)a,z"

where

=
=
kS

['(a; +a;(n—1))

(L9) B(aj,n) = "7
[1Ta; TIT (b + B; (n—1))
=1 5=l
Definition: 1.9 For —1 < v < 1, we let SP(v) denote the subclass of starlike functions
corresponding to the family UC, for f(2) s.t.
GP ! GP !
(1.10) Re w_fy > Z(zgﬂ_l
Gyf (2) Gyf (2)
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Lemma (1.1) A function f(z) of the form (1.1) is in US,(\, ) if and only if

(e 9]

(1.11) > (14N = A+ plan < (1— p) M

n=2
where M; > 0 is a suitable constant

Lemma (1.2) [1] A function f(z) of the form (1.1) is in f € UC,(\, ) if it satisfies the

condition
x

(1.12) S onn (14X = (At plan < (1— p) M,

n=2
where M, > Ois a suitable constant.

2. Main Results

Theorem?2.1 If Z b; > Z aj+1,a; > 0and 1+ Z B > Z a; then a sufficient condition
Jj=1 Jj= j=1
for the function z {,v, (2 )} to be in the class US, (A, p) , 0 < A<ooand 0 <\ <oois

P
I'a
(21> (]_ + A) w (a] + Oéja &j)l,p; 1 :| + w l (a/ja Oéj)l,p; 1 < Ml + jl;[l J
(L=p)? L (b + 55, Bj)1 4 PREL (650 B9) 14 - 1
[T T'b;
j=1
Proof: Since ,
0 H F(aj+aj )Zn
=1
prq ZZ : q
n=0 le (bj + ﬁj )
=
P p
HF e I T(aj+ay(n—1))2"
: ]:1
R D
qrm = 1T+ B(n = 1) (0= 1)
]: :
So by the virtue of Lemma 1.1, we need only to show that
P
o HIF(@ﬂLOéj(”—l))
Y 1+ - A +p)] |7 < (1—p) M
= T[T (b + By(n = 1) (= 1)
]:

Now,
H r (CLJ‘ + aj(n - 1))

DX C I R Oy E—
n=2 [1T (b + B;(n—1)) (n — 1)!

j=1
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{11 (a;+ as(n + 1)

i n+2) (1+A) — (A +p)] |-
=0 [IT (b +8;(n+1)) (n+1)!

. [T +asn+1) | [T (a; +ay(n + 1)
=> (n+1) 1+ |~ = +> (1—p) |~ =
[T+ 6,0+ D) (04 1) | 5 (1T (6 + 6,00+ 1) (0 + 1)
j= j=
- ﬁ I'(a; + oj(n + 1)) o ﬁ I'(aj+a5n)  [[Tq
=21 |5 FA=p) |35 Sy
n=0 1;[1F (b] + ﬁj(n + 1)) n! n=0 I;IIF (bj + ﬁjn) n! 1;[1 Fbj
ﬁ La,
(aj + aj, a5) ; (aj, ), j=1
P B B (R R B Y BRI
(b; + ﬁj,ﬁ])l’(f (bj, B; 1,q° [] Tb,
j=1
_ (1 —,u) (1 +/\) w l (Clj +04j704j>17p§ 1 :| i w |: (&j’&j)l,p; 1 :| _ jl;[lraj
(L=p)"" "L (b + 55 Bi)1 PREL (550 B9)1 4 ]z[Fb]
j=1
This expression is bounded above by (1 — p) M |, if and only if
i r
_ (14+ M) " [ (aj‘f‘OéjaCVj)l,pa 1 } + o l (aj,Oéj)Lpa 1} <M1+J'H1 a;
(L—=p)" " [ (b + 855 8i)1 5 PR (650 Bi)y g5 - ﬁrb]
j=1

Remark 2.1 In Theorem 2.1 A = 2 and p = 0 gives the sufficient condition for the
function z {,¥, (2)} to be in the class US, (2,0),0 < A < oo and 0 < p < 1 obtained in
[11].

We get this similar result for « = 0 in [11, Th 2.2] i.e.

T
)1
g@

IN
=
+

o (aj + O‘ja@j)Lp? } { (&j’%)l,p;
= 3 [ (b; + B, ﬁj)l,(ﬁ ! e (by, ﬁj)m% !

—l=
=
&

<.
Il
—

Theorem 2.2 Let f(z) be given by (1.1). if =1 <y <1 and
(2.2) ), (2n—1—=7)B(a;n)a,| <1 -7

n=2
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then f (z) € S () where B (a;,n) is given by (1.9).
Proof: By Def (1.9) of the class SP (v) , it suffices to show that

2(Ghf () 2(Ghf ()
2(Ghf ()
or 2 W -1 S 1 - Y
2 {1 — i B (aj,n) annz”_l}
or 2 n=2 -1 <1—7

z— Y Bfaj;,n)a,z"
n=2
or QZB(aj,n Y(n—1)]a,] < (1—7~ {1—23 a;,n \an\}
n=2

or Z (2n—1—7)B(aj,n)|a,] <1—7~
Hence, the theorem is proved.

3. An Integral Operator
In this section we illustrate some results obtained by a particular integral operator defined

by

z

(aj, ;) } _
»a (b By /pwq(:z:)dx

0

q p q p
Theorem 3.1 If ) b; > Z aj,a; >0and 14+ > 8; > > «; then a sufficient condition
j=1

j=1 i=1
for the function ,¢, (= fpwq )dz to be in the class US, (A\,pu) 0 < A < oo and
0<u<lis
(1+A) (@5, 5)1 ] (A+p) [ (a; — o, )5
3.1 T A o
(3.1) (1—- M)p% (b5, Bj), 4 (1—p) s (bj = B, Bj)1,45

s
—
o)
|
o
<.
s
—
h@
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+
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Proof: Since ,¢, (z) = fzp¢q (x)dx
0

P P
1:[1 La; 00 1:[1 r [(aj ;) + O‘Jn] z"
(3.2) =zt ) =
[1 b, n=2 [ I'[(b; — B;) + Bjn] n!
j=1 j=1
We see that ,
0o 1:[1 I'[(a; — o) + a;n]
S (14X = (A p)] -
=2 H1 I'[(bj — 8) + Bjn] n!
j=
P P
o N le [(a] O‘J) + O‘J”] 00 HIF [(aj ;) + O‘Jn]
=142 — A
n=2 H1F [(b; = ;) + Bin] n! n=2 ‘H1F [(bj = B3;) + Bjn] n!
j= j=
00 f[l T(aj+a;n) f[l Ta; 0o ﬁlF[(ajfozj)Jrajn] f[l T(a;—oy) f[l Ta;
=(1+A) | X T — 5 (A+w) T — — 3
n=0 [T T(b;+G;m)nt T1 Tbs n=0 I Tlb;=F;)+Bmint T T(b;=B;)  IL Tb;
(aj, )y 5 } { (aj — aj, ), ,;
=(1+A e | = (A + o e
L+ )y { (5, 8) 1.4 ¥ 1) oty (bj = B, Bj)1 43
P P
le(&] —aj) Hlfa]
+ (A4 p) —(1—p) =
[1T (@ —5) [1 10,
Jj=1 j=1

oo fza] e 1]

(b = 85 Bi)1 45

+(/\ + 1) j=1 _J=1
=) 12[ ' (b; — 5;) ﬁ I'b;
< (1—p)M

where M, is a constant greater than the expression in (3.2) which in view of Lemma 1.1

gives the desired result (3.1).
Remark: For a = 2 and p = 0 theorem (3.1) reduce to the desired result obtained by

Chaurasia and Srivastava.
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q9 p q p
Theorem (3.2) If Y b; > > a;,a; >0and 1+ ) 5; > > a; then a sufficient condition
J=1 J=1 j=1 j=1

for the function ,¢,(z) = [ ¢, (x)dz to be in the class UC, (A, p),0 < XA < oo and
0
0<u<lis

p
Ta;
(3.3) 1+ 0 (aj +aj,05), 1}+¢ [ (aj, ;) ; 1 <M2+J‘H1 J
=)L (bt By By L85y - 1T,
J
j=1

Proof: The proof of this theorem is a direct consequence of Th.3.1
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